We consider the single-file motion of colloidal particles interacting via short-ranged repulsion and placed in a traveling wave potential, that varies periodically in time and space. Under suitable driving conditions, a directed time-averaged flow of colloids is generated. We obtain analytic results for the model using a perturbative approach to solve the Fokker-Planck equations. The predictions show good agreement with numerical simulations. We find peaks in the time-averaged directed current as a function of driving frequency, wavelength and particle density and discuss possible experimental realizations. Surprisingly, unlike a closely related exclusion dynamics on a lattice, the directed current in the present model does not show current reversal with density. A linear response formula relating current response to equilibrium correlations is also proposed. In single-file motion, colloidal particles are confined to move in a narrow channel such that they cannot overtake each other. This was first studied by Hodgkin and Keynes [1] while trying to describe ion transport in biological channels. One of the most interesting features of single-file motion is the sub-diffusive behavior that individual particles exhibit, and has been extensively studied both theoretically [2-5] and experimentally [6] [7] [8] [9] [10] [11] . Another exciting question has been that of obtaining directed particle currents in such single-file systems in closed geometries, for example colloidal particles moving in a circular micro-channel. Using periodic forces that vanish on the average, it has been possible to drive colloidal particle currents in a unidirectional manner. These are referred to as Brownian ratchets and may, for example, be achieved through continual switching on and off of a spatially asymmetric potential profile [12, 13] . Such phenomena have been studied experimentally using suitably constructed electrical gating [14] [15] [16] , and with the help of laser tweezers [17] [18] [19] . Intracellular motor proteins like kinesin, myosin that move on respective filamentous tracks [13] , or Na + -, K + -ATPase pumps associated with the cell-membranes [20] , are examples of naturally occurring stochastic pumps. With a few exceptions [21] [22] [23] [24] , most theoretical studies of Brownian ratchets focused on systems of non-interacting particles.
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Recently a model of classical stochastic pump [25] [26] [27] has been proposed, similar to those used in the study of quantum pumps [28, 29] . Unlike Brownian ratchets, in these pump models, the colloidal particles are driven by a traveling wave potential. Thus, while typical ratchet models consider particles in a potential of the form V (x, t) = f (x)g(t), the pump model considers a form such as V (x, t) = V 0 cos(qx − ωt). In Ref. [25] , the dynamics of colloidal particles with short ranged repulsive interactions, and confined to move on a ring in the presence of an external space-time varying potential, was studied by considering a discretized version. In the discrete space model, particles moved on a lattice with the exclusion constraint that sites cannot have more than one particle and hopping rates between neighboring sites depended on the instantaneous potentials on the sites. This roughly mimics the over-damped Langevin dynamics of hard-core particles that is expected to be followed by sterically stabilized colloids. As expected, the traveling wave potential resulted in a DC particle current in the ring. An intriguing result was that the system showed a current direction-reversal on increasing the density beyond half-filling. This behavior was an outcome of the particle-hole symmetry of the discrete model [25] . Current reversal has been observed in subsequent theoretical studies [30, 31] . Further interesting properties of this model, including a detailed phase diagram, were recently obtained for the case where the system was connected to reservoirs and a biasing field applied [30] .
An important question is as to how much of the interesting qualitative features, seen in the lattice model, remain valid for real interacting colloidal particles executing single-file Brownian dynamics. This is one of the main motivations of this Letter. Here we consider the effect of a traveling wave potential on such particles which can be described by Langevin dynamics. Numerical and some analytic results based on the solution of the FokkerPlanck equation are presented. We derive a linear response formula for the DC current in terms of equilibrium correlation functions. We find that, unlike the lattice version [25] [26] [27] , there is no current-reversal in this system. A proposal for possible experimental realization of particle pumping in colloidal systems, using traveling waves, is discussed.
We consider N colloidal particles that are confined to move on a one-dimensional ring of length L. The particles interact via potentials U (x) that are sufficiently short ranged that we take them to be only between nearest neighbors. In addition, a weak traveling wave potential of the form V (x, t) = λk B T cos(ωt − qx) with λ < 1, acts on each particle. Let x i , i = 1, 2, . . . , N denote the positions of the particles along the channel. Then the over-damped Langevin equations of motion of the system are given by
where
is the total potential energy of the system and η i (t) is white Gaussian noise with
T is the diffusion constant, µ the mobility, k B the Boltzmann constant and T the ambient temperature. We have taken periodic boundary conditions
Denoting the joint probability distribution of the Nparticle system as P (x, t) with x = (x 1 , x 2 , . . . , x N ), the Fokker-Planck equation governing its time evolution is
The one-point distribution for the i th particle is given by P (1)
) be the two-point distribution obtained from P (x) by integrating out all coordinates other than x i , x i+1 . Let us then define the av-
i (x, t) and
i,i+1 (x, x , t). Integrating the Nparticle Fokker-Planck equation one finds a BBGKY hierarchy of equations, the first of which is
where The local density of particles is given by ρ(x, t) = N P (1) (x, t), and the corresponding current density is j(x, t) = N J(x, t). The time and space averaged directed current in the system is given by
where τ = 2π/ω. Non-interacting system: We first analyze the noninteracting system (U = 0). The Fokker-Planck equation for ρ(x, t) is
with V = ∂ x V . We expand the density in a perturbative series in small parameter λ as
where ρ 0 = N/L is the mean density of particles. The mean directed current j DC gets a contribution only from the drift part of the current in Eq. (5), which to leading order is given by −DβV λρ (1) . The time evolution for ρ (1) is given by
and this has the time-periodic steady state solution Thus, to leading order in the perturbation series in λ, the time averaged directed current is
As expected, the current has a linear dependence on particle density ρ 0 . The dependence on driving frequency ω and wave-number q are plotted in Fig. (2) where we also show a comparison of the results from the analytic perturbative theory with those from direct numerical simulations for λ = 0.5. We see that there is excellent agreement even for this, not very small, value of λ. Interacting system: Let us consider a hard-core interaction between the particles defined through the potential U (x) = ∞ if |x| < a and 0 otherwise. Since N P
(1) = ρ(x, t) gives the density of particles and defining the pair distribution function g(x, x , t) through the relation N P (2) = ρ(x, t)g(x, x , t), we see that Eq. (3) can equivalently be written as
t) . (10)
On expanding ρ(x, t) and g(x, x , t) as perturbation series in λ we find that the resulting equations do not close at successive orders. This is different from the case of the discrete systems studied in [25] [26] [27] where the perturbative solution works even in the presence of interactions. We thus need to make further approximations before applying the perturbation theory. It turns out that a mean-field description of the interaction term in Eq. (10) makes the problem tractable. We note that the hard-core form of the interaction means that the integral in Eq. (10) only gets contributions at x = x ± a. We then replace the term ∂ x U (|x − x |) by its mean value, given by the instantaneous local equilibrium pressure
Using the fact that dx g(x, x , t) = 1, we then get dx ∂ x U (|x − x |)g(x, x , t) = P (x + a) − P (x − a). Using this form of the interaction term and expanding ρ(x, t) to first order in λ, the time evolution equation for ρ (1) is
The time-periodic steady state solution of this equation is given by
This leads to, up to order λ 2 in perturbation series, the following average current
This is the first main result of our paper. We now see a non-trivial dependence on particle density ρ 0 and wavenumber q. For a fixed density there is enhancement of particle current at some q values [see Fig. (3) ]. The current vanishes at the full-packing density ρ 0 = 1/a, as expected. However, unlike the lattice model, there is now no current reversal . In the discrete lattice model of symmetric exclusion process driven by a potential λ cos(ωt − φn) with n a lattice site and φ = qa [25] ,
2 , and (q 0 −2k 0 ) = η(1−η)(1−2η) in the large L/a limit with η = ρ 0 a the packing fraction. The dynamics had particle-hole symmetry leading to current reversal at η = 1/2. The continuum limit of a/L → 0, φ = qa 1 and η = ρ 0 a 1 leads to the result for non-interacting system Eq. (9) .
Langevin dynamics simulations: To test our analytic predictions, we performed Langevin dynamics simulations of the model using Euler integration of Eq. (1). The time scale is set by τ D = a 2 /D. For the noninteracting system, we used an integration time-step δt = 10 −2 τ D . For the interacting single-file case, in order to avoid unphysical particle crossings at large densities, we used δt = 10 −5 τ D . A total of N = 128 particles were simulated. The particle flux is averaged over the system, and over a time period 100τ where τ = 2π/ω. The particle current is further averaged over 100 realizations. The fluctuations over realizations provide the errors in the measured currents. To check the robustness of our results, we considered a number of smooth potentials to model the short-ranged inter-particle repulsion: (a) Weeks-Chandler-Anderson (WCA) potential [32] 
12 − 2 −12 if |x| < 2σ else U = 0, and (c) Fermi-function step potential βU (x) = A/[exp((x − a)/w) + 1] with A = 100, w = 0.02σ and a = 0.75σ. In the simulations k B T = 1/β and σ set the energy and length scales respectively. The simulation data for all the three potentials agree with each other within numerical errors (Fig. 3(a) ). They show a non-monotonic variation with density, with maximal current near ρ 0 σ = 0.55. A plot of Eq. (12) with a = 0.75σ shows qualitative agreement with numerical data. Fig.3(b) shows j DC as a function of driving wavenumber q in a system of particles interacting via Fermifunction step potential. Multiple maxima in j DC appears, in qualitative agreement with Eq. (12) . A comparison with Eq. (9) shows another intriguing feature, directed current in presence of repulsive interaction can be higher than that of free particles.
Linear response theory: Even though the current response is O(λ 2 ) and hence nonlinear in the perturbation, we note that it was obtained from the first order change in the density and hence should be calculable from linear response theory. We now show that it is indeed possible to express the current response to the perturbing traveling wave potential, in terms of equilibrium correlation functions of various forces, using linear response theory. Let us write the equation of motion in the forṁ
is the total force on i th particle from its neighbors. We see that the total current is given by
. The long time solution P (x, t) can be obtained from perturbation theory. The Fokker-Planck equation for P , given by Eq. (2), can be expressed as
. Using this, to leading order in λ, one obtains
where . . . 0 refers to an equilibrium average, and the time-dependence in F i (t) = F i (x i , t) only refers to the explicit time-dependence of the external force. Using the fact that F i = −λk B T q sin(qx i − ωt) and that A(t)B(0) = dxA(x)e L0t B(x)P 0 we get
Finally, after averaging over a time period we get for the DC current:
This linear response formula, relating the DC current to equilibrium correlation functions, is the second main result of this paper. Possible experiment: Using oscillating mirrors, it is possible to move a strongly focused infrared laser beam along a circle to constrain σ ≈ 1µm sized polystyrene spheres to move along a circle [17] . The steric interaction between polystyrene beads would lead to single-file motion. Using similar techniques as in [17] , one can generate a cosine potential by passing the laser through an appropriately graded filter. Finally, a traveling wave potential can be formed by rotating the filter at the required frequency. If we choose the driving force wavelength to be few particle sizes so that qa ≈ 1 then the optimal driving frequency is ω ≈ Dq 2 ≈ D/a 2 ≈ 1Hz, using D ≈ 1µm 2 s −1 at room temperature. This leads to a current j DC ≈ 0.05s −1 at a density ρ 0 a ≈ 0.5. This is comparable to the currents obtained using the flashing ratchet mechanism in [17] .
In summary, we investigated the dynamics of interacting colloidal particles confined to move in a narrow circular channel and driven by a traveling wave potential. Using a combination of mean-field type assumptions and perturbation theory, analytic results were obtained for the average particle current in the channel. This compares quite well with simulation results. We have also proposed a linear response formula relating the current response to equilibrium correlations. This relation opens up further analytic possibilities. The current shows peaks as a function of driving frequency and wave number, and also the particle density. The current vanishes as we approach the close packing limit and, rather surprisingly, does not show current reversal unlike what is seen in studies of discrete versions of this model [25] . From the point of view of experiments, the pumping of colloidal particles in narrow channels using traveling wave potentials looks very accessible and could have potential applications.
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